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Introduction
In this paper, we first show the following. The result was first conjectured by Y. Tian, and its truth implies that there exists a desired embedding from an imaginary quadratic number field to a quaternion algebra. The existence of such an embedding is crucial for J. Coates, Y. Li, Y. Tian and S. Zhai to set up one of the main results in [1] . Let us give a brief description.
The following celebrated theorem was proved in [1] . • Q = q 1 · · · q r with q i distinct primes, which are ≡ 1 (mod 4), and inert in both the fields Q( √ −7) and Q( √ − );
If the field Q( √ − N ) has no ideal class of exact order four, then
where for any integer n, A (n) denotes the quadratic twist of A over Q( √ n).
The above theorem is established by induction on k based on the following crucial fact:
To obtain such an estimation of L-values, the authors need to find a very special quaternion automorphic form f . Their approach can be outlined briefly as follows. Let B be the quaternion algebra over Q ramified exactly at 7 and ∞. 
which is the composition of determinant map followed by the quadratic Hecke character defining the extension Q( √ −7) over Q. The existence of such special form f follows from the assertion that the following quadratic form
has an integral solution. Though the paper [1] has another argument for the existence of such an embedding, a proof of Theorem 1.1 is reasonable to expect. The solvability of (1.2) can be viewed as a step for understanding the relation between the arithmetic of elliptic curves and the representation of integers by quadratic forms.
The genus of x 2 + 7y 2 + 49z 2 consists of five integral ternary quadratic forms: x 2 + 7y 2 + 49z 2 , x 2 + 14y 2 + 28z 2 + 14yz, 2x 2 + 4y 2 + 49z 2 + 2xy, 8x 2 + 8y 2 + 9z 2 + 8yz + 8xz + 2xy, 2x 2 + 7y 2 + 25z 2 + 2xz, and two spinor genera. The first three forms are in the same spinor genus and the last two are in the other one. We shall discuss integers represented by all forms in the genus. 
Main results
We introduce the following notation, which will be used throughout this paper.
For simplicity, in some cases, we shall write
It is easy to check that the discriminant of q 1 is 1372 = 2 2 · 7 3 . For a given integral quadratic form q, Gen(q) (Spn(q), resp.) will denote the set of all integral quadratic forms in the genus (the spinor genus, resp.) of q. 
Proof. This can be done by the Magma calculator. The author would like to thank Professor W. C. Jagy for his help in this computation.
Let q(X) in at least 3 variables be an integral quadratic form with discriminant d q . It is well known that for an integer m, if it is represented by q(X) over R and primitively represented by q(X) over Z p for all p | 2d q , then m is primitively represented by some q * (X), which is in the same genus of q(X) over Z.
Lemma 2.2. Let m be a positive integer satisfying m ≡ 1 (mod 4) and (
Proof. For p = 2, the Hilbert symbol
hence, m = x 2 + y 2 holds for some x, y ∈ Q 2 . Then one can verify immediately that x, y can be chosen in Z 2 .
For p = 7, it is trivial to see that m is a square in Z 7 , since (
Let V be a quadratic space over Q, and let L be a fixed lattice on V . If p is a prime, then
where θ denotes the spinor norm mapping on the orthogonal group O(V p ). Assume that E is a quadratic extension of Q and p is a prime above
. Let q be an integral quadratic form. Recall that (in our case) an integer a is called a spinor exception if a can be represented by some q ∈Gen(q) but not by all spinor genera in Gen(q). Let E = Q( −ad q ) and let S be the set consisting of all primes p such that [E p :
A celebrated result due to Kneser and Schulze-Pillot shows that an integer a is a spinor exception, i.e., a is not represented by every spinor genus in the genus of q (we use L for the corresponding Z lattice of q), if and only if the following conditions hold:
The first two conditions were proved to be necessary by Kneser [4] . Schulze-Pillot [9] showed that (3) can be added to obtain necessary and sufficient conditions for an integer a to be spinor exceptional for the genus of an integral quadratic form. On the other hand, if m is a square with a prime factor p satisfying ( Proof. First we show that if n ≥ 3, then 2 n = x 2 + 7y 2 holds for two odd integers x, y. In fact, we have 2 3 = 1 2 + 7 · 1 2 . Suppose that 2 (n−1) = x 2 + 7y 2 holds for two odd integers x, y. We may choose the signs of x, y such that x ≡ y ≡ 1 (mod 4). An easy computation shows that 2 n = (
x−7y
2 ) 2 + 7( x+y 2 ) 2 . Therefore the result follows by induction. On the other hand, it is trivial to check that
For any odd prime l | (a 2 + 7b 2 ), if l (a, b), l must be of the form e 2 + 7f 2 for some e, f ∈ Z since Z[
] is a UFD. This implies that there exist two integers u, w, such that c = u 2 + 7w 2 . Since c is odd, the parity of u and w must be different. Let α = xu − 7yw and β = yu + xw. Then a 2 + 7b 2 = α 2 + 7β 2 . We have α ≡ β ≡ u + w ≡ 1 (mod 2). This proves the lemma. Proof. Suppose that 4m = x 2 + 7y 2 + 49z 2 holds for some (x, y, z) ∈ Z 3 . It is obvious that among three integers x, y, z, there is at least one even integer. If y is even, then x, z must be even. In this trivial case, we have m = ( We use a method similar to the one given in the proof of Lemma 2.5 to show that there are y , z ∈ Z such that 7y 2 + 49z 2 = 4(7y 2 + 49z 2 ). Therefore,
The same argument works if z is even and the lemma is proved.
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The following result was first conjectured by Y. Tian. Proof. Consider the following congruence
We see that α ≡ β (mod 2) or β ≡ γ (mod 2).
Assume that m = α 2 + 7β 2 + 49γ 2 with α, β, γ ∈ Z. If β ≡ γ (mod 2), then there exist integers y, z such that y − 3z 2 = β, and y + z 2 = γ. Proof. Suppose that α, β, γ are integers such that α 2 + 7β 2 + 49γ 2 = m.
It follows from the proof of Theorem 2.7 that if β ≡ γ (mod 2), then m can be represented by q 2 . If β ≡ γ (mod 2), then the congruence m ≡ 1 (mod 4) implies that γ is odd and α ≡ β ≡ 0 (mod 2). Hence α 2 + 7β 2 = 2 n c with c odd and n ≥ 3 since m ≡ 1 (mod 8). By Lemma 2.5, we may assume that α, β, γ are all odd in this case. We recover the case where β ≡ γ (mod 2).
We now consider the integers represented by q 3 . Again, it follows from the proof of Theorem 2.7 that if α ≡ β (mod 2), then m can be represented by q 3 . If α ≡ β (mod 2), then the congruence m ≡ 1 (mod 4) implies that α is odd and β ≡ γ ≡ 0 (mod 2). If m is not square or if m is a square with a prime l | m, ( l 7 ) = 1, then we can assume that 7β 2 + 49γ 2 = 7 · 2 n c with c odd and n ≥ 3 since m ≡ 1 (mod 8). By Lemma 2.5, we may assume that α, β, γ are all odd in this case. We recover the case where α ≡ β (mod 2).
Remark. In fact, we have proved above that if α 2 + 7β 2 + 49γ 2 = m with m ≡ 1 (mod 8), then there exist odd integers x, y, z such that x 2 + 7y 2 + 49z 2 = m, provided that β = 0. This is not true if m ≡ 5 (mod 8), or m is a square with ( 
Then θ(z) is a modular form of weight 
. Let p be a prime and let T p 2 be the Hecke operator:
where
Remark. Eichler shows that the Hecke operator is represented by the neighbourhood matrix. One can give an alternative way to calculate the coefficients appeared in Lemma 2.10 by computing the neighbourhood graph (in the sense of Kneser's neighbouring lattice method) at the prime 3. The author would like to thank Professor Schulze-Pillot for pointing out this. Note that
As in the proof of Lemma 2.6, we want to show that Indeed, the fact that z is odd and 9m ≡ 1 (mod 4) implies
Hence r q1 (9m) > r q1 (m), so r q4 (m) > 0 by (2.5). (ii) B ≡ C (mod 2). Let So we may choose the sign of A such that A + B − 4C is a multiple of 9 and so is A + B + 14C. Since B ≡ −C (mod 3), we see that A − 11B + 2C is also a multiple of 9. Therefore, X, Y, Z are all integers and we obtain r q5 (m) > 0.
(ii) B ≡ C (mod 2). The proof is essentially the same as that of case (i). So we may choose the sign of A such that 2A + B + 7C is a multiple of 9. Then X, Y, Z are all integers. Therefore we obtain r q5 (m) > 0.
We conclude this paper by giving the following corollary, which is a consequence of Theorems 2.7, 2.9, 2.11 and 2.12. 
